In clinical and observational studies, recurrent event data (e.g. hospitalization) with a terminal event (e.g. death) are often encountered. In many instances, the terminal event is strongly correlated with the recurrent event process. In this article, we propose a semiparametric method to jointly model the recurrent and terminal event processes. The dependence is modeled by a shared gamma frailty that is included in both the recurrent event rate and terminal event hazard function. Marginal models are used to estimate the regression effects on the terminal and recurrent event processes and a Poisson model is used to estimate the dispersion of the frailty variable. A sandwich estimator is used to achieve additional robustness. An analysis of hospitalization data for patients in the peritoneal dialysis study is presented to illustrate the proposed method. In clinical and observational studies, recurrent event data (e.g.
Introduction
Data on recurrent events frequently arise in clinical and observational studies. Examples include repeated hospitalizations, the occurrence of new tumors in patients with superficial bladder cancer and the occurrences of opportunistic infections in HIV-infected subjects. Various methods have been considered for the analysis of recurrent events. These methods include the complete intensity approach (e.g. Prentice, Williams and Peterson, 1981) and the marginal rate approach (e.g. Pepe and Cai, 1993; Lawless and Nadeau, 1995; Lin, Wei, Yang, and Ying, 2000) . In these approaches, it is assumed that, conditional on the covariates in the model, the censoring is independent of the recurrent events. In many instances, however, there exists a terminal event, death for example, which precludes the occurrence of further events.
Further, it is often the case that the terminal event is strongly correlated with the recurrent event process. More explicitly, if the rate of the recurrent event is unusually high (low) in an individual, that individual is also subject to increased (decreased) rate of death.
Methods of analysis of repeated events in the presence of a terminal event can also be classified into two categories. There are analyses that focus on the marginal rates of the recurrent and terminal events and complete intensity approaches in which frailties are used to account for the correlation between the rates of recurrent and terminal events.
Marginal models have been considered by several authors. In these, the rate functions are not taken to be complete intensity functions but rather correspond to average rates that would arise across the population (e.g. Ghosh and Lin, 2002) . The correlation between the recurrent event process and the terminal event is left unspecified in these models. Frailty models or shared random effects models specify the dependence between the recurrent events and the terminal event by allowing a common frailty variable to have a multiplicative effect on their respective rates. Thus, they assume that the complete intensity of the recurrent events and the terminal event is fully specified by the observed covariates and the unobserved frailty (e.g. Wang, Qin and Chiang, 2001; Huang and Wang, 2004; Liu, Wolfe and Huang, 2004) . In all of the frailty models, it is assumed that given the frailty, the recurrent event process is a nonhomogeneous Poisson process and this plays a central role in all aspects of the estimation.
It is to be expected, therefore, that the estimation procedures will be sensitive to deviations from the Poisson assumption.
We propose a joint semiparametric model in which the correlation between the terminal event and the recurrence event is incorporated through the frailty. Our model for the event rates has the spirit of a marginal model, however, in that it is conditional only on the covariates (and the frailty) and not on the previous history of the process. The estimation of the regression coefficients is based on the estimating functions for marginal rate models. Different from the marginal rate model proposed previously, the proposed method provides a way to estimate the degree of dependence between the two processes.
The remaining of the article is organized as follows. In Section 2, the model is specified.
A series of estimating equations are specified to estimate the parameters in the models and numerical methods are described. In Section 3, the proposed approach is compared with the method of Huang and Wang (2004) . Section 4 gives results of some simulation studies and the method is applied to the data from a prospective study of peritoneal dialysis patients in Section 5. The paper concludes with some discussion in Section 6.
Model
Let C i and D i be the censoring and death (or terminal event) time and T ik be the kth recurrent event time for the ith subject, i = 1, 2, . . . , n; k
be the actual number of recurrent events in the time interval (0, t] for the ith subject and
be the at-risk indicator, where τ is the study ending time. Two processes are observed during the Z(u) , 0 ≤ u < t} be the covariate history for an individual and
. .} comprise functions of Z(t). For simplicity, we consider that Z is time-independent, but the proposed joint model can easily incorporate time-dependent covariates.
We consider a (partial) marginal rate of the recurrent event given D = s and γ, which is
It is the average rate of the recurrent events at time t associated with Z for those individuals with frailty γ and whose survival time is s, where s ≥ t. Note that dΛ R (t) may depend on Z and the frailty γ, but does not depend on death time s. This in effect assumes that γ accounts for the correlation between the recurrent events and death. Our method explicitly acknowledges the fact that death stops further recurrent events in that, given t > D, dN R * (t) takes the value 0.
The joint semi-parametric model that we consider can be expressed as,
where
is the hazard function for D and dΛ 0D (t) and dΛ 0R (t) are the unspecified baseline hazard function for death and the baseline recurrent event rate respectively. For convenience, we assume that the frailty γ has a gamma distribution with mean 1, variance θ, and density
. As is the usual convention for frailty models, the mean E[γ] = 1 is fixed for identifiability an the distribution of γ is assumed to be independent of Z. It should be noted that the joint model can handle different covariate vectors in the recurrent event and death rate model by fixing the appropriate elements of α and β to 0. The above model can also be generalized to allow different effects of frailty on the recurrent event process and death as in Liu et al. (2004) .
The following additional assumptions are made for the joint model:
1. Censoring is independent. Thus the distribution of censoring time C may depend on Z
2. The recurrent event process and death process are continuous. As such, the recurrent event and death cannot happen at the same time.
3. For the purpose of estimating the distribution of γ, we assume that given Z and γ, the recurrent event process N R * (·) before death follows a non-stationary Poisson process with intensity function γ exp(β
If the frailty, γ, is known, the estimating equations for α and β are as discussed in and are identical to those that arise from the usual partial likelihood (Cox, 1972) .
However, γ i is not observed. Therefore we consider an induced marginal model for α and β,
Taking the conditional expectation of (1) and (2) given Z and D ≥ t, we obtain,
under the assumed gamma distribution for γ. Given w(t), the models (3) and (4) 
and m i is the number of recurrent events experienced by the ith subject.
Integrating over γ i and taking a product over i gives the likelihood,
Differentiating the logarithm of (5) with respect to θ gives the estimating equation for θ. As noted earlier, the Poisson assumption is only utilized in the estimating equation for θ but not directly in the estimation of α and β.
Let η = (β, α, θ, dΛ 0D , dΛ 0R ) and for a parameter φ (e.g. φ = α), define 
, where the components of U respectively correspond to β, α, θ, λ 0D and λ 0R . We have
Finally, the jth elements of U 4 and U 5 are,
Our numerical approach to solve U (η) = 0 converges quickly and can be summarized as follows:
and Λ
0D (u) be initial estimates. Typically, we can set θ
= 0 and let Λ
0D (u) be the Nelson-Aalen type estimate of the cumulative death hazard for the sample.
Let w
and U 5 and solve the resulting equations U 1 = 0, U 2 = 0, U 4 = 0 and U 5 = 0 respectively for updated estimates β
, α (1) and Λ
(1) 0D (u). Repeat step (2) to (4) until the estimates of θ, α and β converge.
In order to establish the asymptotic results for this approach, it seems that we shall need at a minimum the following four conditions for i = 1, . . . , n:
, γ i } are independently and identically distributed.
• N R i (τ ) is bounded by a constant.
T is positive definite with probability 1.
These regularity conditions are similar to those of Lin et al. (2000) . Under these conditions, the proposed procedure should lead to consistent estimation of all parameters (α, β, θ, Λ 0D (u), Λ 0R (u), u < τ ) and the profiled scores for α, β, θ should be asymptotically normal. Following the approach of Lin et al (2000) , it can be seen that the components of U 1 , U 2 and U 3 are asymptotically uncorrelated random variables, and by arguments developed there, a central limit theorem would apply. These estimating equations, however, also contain the functions Λ 0D and Λ 0R which are estimated using the Nelson-Aalen type estimators as in equations (7) and (6). Uncertainty in these estimates would need to be accounted for in the asymptotic results forβ,α andθ.
Following Murphy (1995) , we consider a discrete version of the baseline hazard and rate functions with jumps only at the distinct event times. Let A(η) be defined as above and
. Letη be the estimate of η and letÂ = A(η) andΣ = Σ(η).
Analogous to the results of Murphy (1995) and Parner (1998) , we expect that the asymptotic distribution ofα,β andθ should be asymptotically normal with covariance estimated by the appropriate submatrix ofÂ
. By using the sandwich estimator our estimation should be robust to deviations from the Poisson process assumption and also should account for possible correlations induced by only making marginal assumptions on the death and recurrent event rates. Additional work is needed in developing a full asymptotic treatment of this approach.
The dimension of A will increase as the sample size increases, which might lead to calculation difficulties for large samples. However, it is possible to simplify the calculation so that we need only numerically invert a matrix of smaller dimension. Let η
(η) = U 5 , and write
The dimension of A is 2p + 1 + f + m, which may be large as the sample size increases. The direct numerical inversion may be time consuming. Since A 22 is a diagonal (m × m) matrix, however, calculation is simplifed by noting that
22 and J = A 11 − A 12 F 1 . It follows that only a matrix of dimension 2p + 1 + f need to be inverted directly. One could also let η 1 = (β, α, θ) and η 2 = (λ 0D , λ 0R ). In this case, a matrix of dimension 2p + 1 need to be inverted directly in addition to the relatively straightforward inversion of an upper triangular matrix of dimension m + f corresponding to the partial derivatives, −∂U (2) (η)/∂η T 2 . Another possible approach is to use bootstrapping methods to estimate the standard errors of the estimators so that no matrix inversion is needed. Finally, in very large samples, a piece-wise constant model for the baseline hazard and rate functions with a fixed number of jump points could be fitted to avoid computational difficulties. 
Comparison
where dΛ † 0R (t) is the continuous baseline intensity function with τ 0 dΛ † 0R (u) = 1 and β measures the covariate effect on the average rate of the recurrent event. Their crucial assumption
The estimation procedure of Wang et al. (2001) relies on the Poisson assumption. Specifi-
are the order statistics of a set of independent and identically distributed random variables with density
Here, m i is the number of events occurring before
Note that the conditional density π i (t) does not depend on γ † i or z i and π i (t) is a truncated density function of λ † 0R (t). The cumulative distribution of λ † 0R (t), Λ † 0R (t) can be estimated by a nonparametric maximum likelihood estimator, which has a simple product-limit form,
where R (j) is the total number of events with event time and observed terminating time Huang and Wang (2004) extended the method to incorporate situations where one aspect of informative censoring is associated with a terminal event (e.g. death). By adding a model for the intensity of the death process to (8), their joint complete intensity model can be expressed as, Note that this model is based on an assumed latent process of recurrent events that continues past the death time D so that the methods of Wang et al. (2001) can be directly applied to obtain an estimate of β. It is then proposed to estimate γ † i by,
and pluggingγ † i into the score function from (10), α can be estimated. Empirical process theory was used to study the large-sample properties ofα andΛ † 0D (t).
The differences from our suggested model (MR model) and this non-parametric frailty approach (NPF model) proposed by Huang and Wang (2004) can be summarized as follows:
1. The NPF model assumes that conditional on the frailty variable γ † , the recurrent event process is independent of the death process. In the MR model, we recognize the fact that death stops further recurrent events and the marginal rate is defined as dΛ
, for s ≥ t, which incorporates a kind of conditional independence.
This gives the rate of recurrent events among individuals who are alive at time t. The recurrent event process is not independent of the death process even conditional on the frailty. The NPF model could be redefined in a similar manner to avoid the need for assuming a latent recurrent event process.
2. The independent censoring assumption is relaxed via the use of frailty in the NPF model. The assumption, however is required for the MR model. It can be relaxed, but it requires modeling of the censoring distribution or the use of an inverse weighting method to adjust for the dependence.
3. For both models, the frailty is assumed to act as a multiplicative factor on both the hazard and the rate functions and thus induces the dependence between the recurrent event process and the death process. The frailty distribution is left nonparametric in the NPF model whereas it is modeled in the MR model. As a consequence,
• Direct inferences about the relationship between the recurrent event process and the death process are not made in the NPF model. In the MR model, the correlation is modeled by the parameters of the frailty distribution, for example the variance θ in the gamma frailty model. Let • The parametric assumption made in the MR model may not be robust to the misspecification of the frailty distribution though the efficiency should be increased.
We performed some simulations in Section 5 to assess the performance of the proposed estimators when the gamma distribution is correct and when it is misspecified.
4. Time-dependent covariates are not allowed in the NPF model, but can be easily handled by the MR model.
Though the correlation between the recurrent event and the death processes is modeled
by the frailty, the NPF approach uses separate procedures for the estimation. Information from the death process is not used in the estimation of β, and extra variation is brought to the estimation of α byγ † . The MR model takes advantage of the assumed correlation and more efficiency should be expected. On the other hand, because the estimating equations in the MR model are more complicated in the way that the nonparametric and parametric components interact, asymptotic properties are more difficult to establish.
6. The Poisson assumption is made in both models for the recurrent event process. It is the key to estimation of the baseline rate the NPF model, whereas in the MR model, the assumption is only applied for updating θ. Thus, it is expected that the MR could be be more robust to the departures from the Poisson assumption. 
Simulation Study
Simulations were carried out to evaluate our proposed method and to compare the MR model to the NPF model. One single binary covariate, Z, was generated taking value 1 or 0 with probability 0.5. The censoring time was taken to follow a continuous uniform distribution on [1, 10] . Given the frailty γ and the covariate Z, a subject's recurrent event process was a nonhomogeneous Poisson process with the corresponding intensity function dΛ R (t) = γ exp(βZ)dt.
Similarly, the terminal event time was generated from an exponential distribution with hazard dΛ D (t) = 0.2γ exp(αZ)dt. Thus Λ 0R (t) = t and Λ 0D (t) = 0.2t.
Simulations were carried out for the settings described in Table 1 . In all settings, except I e and I f , γ follows a gamma distribution with unit mean and variance θ. In setting I e , γ follows a lognormal distribution with unit mean and variance 0.65; in setting I f , γ is generated as one tenth of a Poisson variable with mean 10. This has a variance of 0.10, which is close to independence. It is the same as one of the settings in the simulation study of Huang and Wang (2004) . We increased the variance of the Poisson frailty on the suggestion of a reviewer, and obtained similar results with respect to bias (simulation not shown). Table 2 presents results from the MR model and the NPF model for settings I a , I b , I e and I f . In the first two settings, the frailty distribution is correctly specified for the MR model. In settings I e and I f , the gamma frailty distribution is misspecified and the goal is to compare the results from the two models when the parametric assumption for γ is violated in the MR model. The empirical bias and the empirical standard deviation of the estimators for the four settings are shown. The simulation study is based on 1000 simulated samples. Also in setting I a and I b , the estimators of α and β from the MR and NPF model both perform well in that the empirical bias is small for the both models. There seems to be some small bias in the estimation of θ in the MR model. The empirical standard errors for the estimates from the MR model are smaller than those from the NPF model suggesting that the MR model is a more efficient approach as expected. There is no evidence of bias in the estimation of α and β for either model in any of the cases considered and, in particular, for the MR model when γ does not follow a gamma distribution. This lack of sensitivity to mispecificaton of the frailty model is consistent with the simulation studies carried out by Glidden and Vittinghoff (2004) for frailty models for clustered survival data.
We also carried out a number of simulations to assess the performance of the proposed sandwich estimators. In this case, we considered different sample sizes (n=100 and 200), 
Application
We now fit the proposed MR model to the CANUSA study (Canada-U.S.A. peritoneal dialysis study group, 1998), a prospective cohort study of end-stage renal disease patients receiving peritoneal dialysis in Canada and the USA. Patients were enrolled and followed between September 1, 1990 and December 31, 1992. The recurrent event of interest is hospitalization and the terminal event is the failure of peritoneal dialysis, which occurs at the minimum of the time until death, technique failure or withdrawal from peritoneal dialysis.
A total of 680 patients were enrolled in this study; forty-two percent were female, 82% were Caucasian and the average age was 54. The number of hospitalizations per patient ranged from 0 to 23 with an average of about 1.7. About two-thirds of the patients were hospitalized at least once. Kidney transplantation was performed on 19.1% of the patients and was considered as random censoring. It is probably reasonable to treat kidney transplantation as random censoring since patients are not prioritized on the transplantation waiting list according to their disease severity. By the end of the study, 50% of the patients experienced the terminal event.
The covariates of interest include country (USA or Canada), age, gender, race, the causes of renal failure (polycystic kidney disease, diabetes, renal vascular, glomerulonephritis and other causes), baseline renal clearance measure, non-protein catabolic rate, percent lean body mass, serum albumin, subjective global assessment, cardiovascular disease and Karnofsky score.
The results of the analysis are summarized in Table 5 . The frailty parameter was estimated to beθ = 0.990 with an estimated standard error 0.12 (P < 0.001). According to this estimate, a patient who is known to fail from peritoneal dialysis at time t is expected to have almost twice as many hospitalizations for a patient who hasn't failed by time t. As one might expect, therefore, the rate of hospitalization is highly associated with the rate of failure from peritoneal dialysis. That is, patients with a high (low) hospitalization rate tend to have a larger (smaller) chance of failure from peritoneal dialysis.
After adjusting for the other covariates, the USA patients tend to have a higher rate of hospitalization than the Canadian patients (P < 0.05). However, no difference is found with respect to the failure rate. Percent lean body mass has a significant effect on both the failure rate and hospitalization rate; the higher percent of a patient's lean body mass is, the lower failure rate and hospitalization rate. Female patients have a lower failure rate, but gender is not found to be related to the hospitalization rate. In addition, patients whose renal failure is caused by diabetes, renal vascular disease failure or other have a higher rate of hospitalization than the patients whose renal failure is from glomerulonephritis; the cause of renal failure, however, does not seem to affect the failure rate. Having a high Karnofsky score decreases the estimated hospitalization rate but surprisingly not the failure rate.
We also carried out a naive analysis of the hospitalization rates, treating failure from peritoneal dialysis as a form of independent censoring. We fitted a marginal rate model and obtained robust sandwich type estimators as in Lin et al. (2000) . The failure process was treated independently and analyzed using an ordinary Cox model. The results are shown in Table 6 . Compared to the results in Table 5 , and the coefficient the parameter estimates are smaller in magnitude under the naive model, which doesn't account for the dependence between the two processes. This attenuation seems to be the result of a positive correlation between the processes and the fact that the effect of each covariate on the death and hospitalization processes is in the same direction.
Discussion
In this article, we have developed and analyzed a shared frailty model for the recurrent events in the presence of a terminal event. The model is similar to the nonparametric frailty model proposed by Huang and Wang (2004) and the analysis leads to a notable increase of efficiency.
Though a parametric assumption for the frailty is made in the MR model, simulation studies suggest that the model is robust to deviations from that assumption, at least in those cases considered. Time-dependent covariates can be easily handled in the model and the analysis we propose. Thus, departures from proportional hazards could be incorporated by introducing interactions with time. One advantage of our method is that the degree of association between the recurrent and terminal event processes can be estimated through the estimation of the variance of γ. The empirical variance of theγ w in the NPF model would tend to over-estimate the frailty variance since it would incorporate both the frailty variance and the variation due to the underlying recurrent event process. Liu et al. (2004) carried out maximum likelihood estimation in their frailty model by assuming that the recurrent events follow a nonhomogeneous Poisson process conditional on the frailty. A Monte Carlo EM algorithm with a Metropolis-Hasting sampler in the E-step is adapted to obtain the maximum likelihood estimator. The frailty effect is allowed to be different for the two processes and time-dependent covariates can be incorporated. As is often the case, however, the EM algorithm is slow to converge and the method is computationally much more intensive than the method proposed here. The estimation method of Liu et al. (2004) is based on a complete intensity model for recurrent events, and may therefore be expected to be sensitive to departures from this assumption. On the other hand, the proposed estimating equations combined with the use of the sandwich estimator should make our method more robust. Finally, the computational procedure converges relatively fast with the MR method, which makes bootstrapping a practical option for standard error estimation. Liu et al. (2004) also allow for different but related frailty effects on the recurrent and the terminal event processes. Our methods could be similarly generalized to fit their model although some numerical integration methods would likely be needed. Alternative models that allow separate frailties could also be investigated.
In this paper, we have assumed nonparametric forms of Λ 0R and Λ 0D . The large sample properties are therefore difficult to verify fully. Murphy (1995) and Parner (1998) studied the asymptotic properties of the shared gamma frailty model. They provide a general approach which could possibly establish the asymptotic properties of our proposed parameter estimators, but detailed arguments are still to be given. Simulation results suggest, however, that the proposed variance estimators are accurate and we expect the proposed method to be valid in many practical settings.
The estimation of θ in the proposed method requires the assumption that conditional on frailty, the recurrent event follows a nonhomogeneous Poisson process. It would be desirable to develop an estimation procedure which can relax this assumption.
The partial derivatives of U 1 (β) are,
The partial derivatives of U 2 (α) are,
The partial derivatives of U 3 (θ) are,
The partial derivatives of the jth element of U 4 (λ 0R ), j = 1, . . . , m and U 5 (λ 0D ), j = 1, . . . , f are straightforward and are not shown here. 
